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ABSTRACT
For any p > 1, the existence is shown of Orlicz spaces Lf and /¥ with indices p
containing singular I*-complemented copies, extending a result of N. Kalton
([6]). Also the following is proved: Let | <a =8 < oo and H be an arbitrary
closed subset of the interval [«, B]. There exist Orlicz sequence spaces I¥ (resp.
Orlicz function spaces LF) with indices « and B containing only singular
IP-complemented copies and such that the set of values p > 1 for which [” is
complementably embedded into [T (resp. LF) is exactly the set H (resp.
H U {2}). An explicitly defined class of minimal Orlicz spaces is given.

Introduction

The class of minimal Orlicz sequence spaces was introduced by J. Linden-
strauss and L. Tzafriri in ([8], [9]) proving the existence of reflexive Orlicz
sequence spaces {© containing no complemented subspaces isomorphic to /?
forany p = 1. An extension of the notion of minimality to the context of Orlicz
function spaces Lf(u) was given in [1]. The examples of minimal Orlicz
functions F obtained until today have not been explicitly defined, excluding the
trivial multiplicative ones. Indeed, the existence of minimal functions is
proved with the help of Zorn Lemma and all known examples are obtained, up
to equivalence, via a sophisticated method by constructing Orlicz functions F,
associated with 0-1 valued sequences p = (p(n)) developed by J. Linden-
strauss and L. Tzafriri ([8], [9], [10]).

One of the purposes of this paper is to show a concrete class of minimal
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Orlicz spaces Lf(u), where the minimal functions F are explicitly defined in
terms of elementary functions. (As far as we know these functions are the first
examples explicitly presented.)

A second purpose of this paper is to study the following “inverse problem™
for singular 1°-complemented copies:

In [6] N. J. Kalton proved the existence of Orlicz sequence spaces /7 with
different indices containing an /?-complemented copy (for p > %) and such
that the function ¢? does not belong to the set Er,. In other words, no
complemented subspace isomorphic to {7 in /¥ is generated by a block basis
with constant coefficients of the canonical basis of /*. (In short, we shall say
that /¥ has a singular 1°-complemented copy.) Thus, the “inverse problem” for
singular /°-complemented copies can be stated as follows: Given an arbitrary
set H of real numbers p > 1, find Orlicz sequence spaces /* containing only
singular /?-complemented copies and such that the set of values p =1 for
which /7 is complementably embedded into [ is exactly the prefixed set H.

Let us mention that the corresponding inverse problem for “natural”
/*-complemented copies (i.e. when the functions ¢?€E,) has previously been
solved in [3] for arbitrary closed sets H.

In Section I we show that the class of functions F, ,(t) = ¢” exp{q f(log )},
where f’is the function f(x) = ZX, (1 — cos(nx/2*¥)), p > 1 and q arbitrary, is
minimal. In particular, we get that the functions F,,, p > 1, studied by
W. Johnson, B. Maurey, G. Shechtman and L. Tzafriri in ([4] Ch. 8) are mini-
mal. Theorem 1.6 gives a necessary analytic criterion, in terms of an oscillation
constant 7, associated with the function f, for the embedding of /7 into the
Orlicz space L%« as a complemented subspace. Among other consequences, we
easily deduce (Corollary 1.7) a result due to Lindenstrauss and Tzafriri ob-
tained by making use of the method of 0-1 valued sequences: The existence of
reflexive Orlicz sequence spaces /© with indices p containing no /?-com-
plemented copy.

Section II is devoted to singular [*-complemented copies in Orlicz sequence
spaces /©, answering the “inverse problem”™ for closed sets (Theorems 2.2 and
2.3): Given 1 <a = < o and an arbitrary closed subset H of the interval [, £],
there exists an Orlicz sequence space [F with indices ay = « and B = f con-
taining only singular /?-complemented copies and such that the set of values
p’s for which /? is complementably embedded into /¥ is exactly the set H.

In Section III we show the existence of Orlicz function spaces L*(0, 1)
containing singular I°-complemented copies (i.e. t?@Ef,), extending the
above-mentioned result of Kalton ([6] p. 276) for Orlicz sequence spaces: For
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any p > 1 there exist Orlicz function spaces LF(0, 1) having complemented
subspaces isomorphic to /7 and none of these subspaces is generated by a
sequence of pairwise disjoint characteristic functions. Previously, to get this,
we study when the inclusion map between Orlicz function spaces is a disjointly
singular operator (a notion defined below, which is weaker than the strict
singularity). Finally, as an application, we solve also in this context of Orlicz
function spaces the “inverse problem™ for singular /°-complemented copies
and arbitrary closed sets (Theorem 3.6).

Preliminaries

Given a positive measure space (L, Z, 1) and an Orlicz function F (i.e. a
continuous convex non-decreasing function defined for x = 0 so that F(0) =0
and F(1)=1), the Orlicz function space Lf(u) is defined as the set of
equivalence classes of z-measurable scalar functions u of (2, Z, 1) such that

lruip=fF(r[u1)du<oo, for some r > 0.
Q

The space Lf(u) endowed with the Luxemburg norm
lulf =inf{r>0:[u/r|z £1}

is a Banach space. We shall consider as measure spaces the (0, 1) and (0, )
intervals with the Lebesgue measure, writing then LF(0, 1) and LF(0, «0).
Similarly, the Orlicz sequence space [ ¥ consists of all those sequences # = (i,)
of scalars for which there is an r > 0 with |ru | =Z>_, F(r|u,|) < .

We assume that the Orlicz function F satisfies the A,-condition at oo and at
0, so the associated indices verify 1 SaP =ff <wand | < ay =< Br< o (cf.
[10], [11]). We shall consider the following compact subsets related to F in the
space of the continuous functions C(0, 1) and in the space C(0, «) endowed
with the compact-open topology:

F(rt) }
Er,={—:r=<st; Er= () Ep,,
e J'F(r) e

° F(rt) © "
EF,J ={F(r) :r_Z.s}; EF = n EF,S’

s>0

Crs=conv Eg; s =conv Ep,,

for every s > 0.
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An Orlicz function F is called minimal at 0 ([8], [9]) if for every function
G EE;,, as a subset of C(0, 1), we have E;, = Er . The existence of minimal
functions, different from the ¢?, is proved by Zorn Lemma. In ([9], [10] p. 164)
it was proved that there are minimal Orlicz sequence spaces /© with arbitrary
indices containing no /?-complemented subspaces for any p = 1. To show this
J. Lindenstrauss and L. Tzafriri developed a method of constructing Orlicz
functions F, associated to a sequence of digits (p(rn)) with p(n) equalto O or 1,
and characterizing the minimal functions of the form F,.

Minimal Orlicz function spaces L were introduced in ([1]): An Orlicz
function F'is called minimal (at o) if for every function G € Ep,, as a subset of
C(0, o), we have EE, = EZ,. Any minimal Orlicz function space LF(0, 1)
contains a complemented copy of /F. In ([1], [3]) the existence of minimal
function spaces Lf(0, 1) was proved with arbitrary indices containing no
[?-complemented copies for any p # 2. A criterion to insure that reflexive
Orlicz function spaces Lf(0, 1) contain no complemented copies of I? (p # 2)
is that the function ¢” be strongly non-equivalent to EZ, ([3] Thm. 4).

We refer to ([10], [11], [12]) for other definitions and terminology used on
Orlicz and Banach spaces.

I. An explicitly defined class of minimal Orlicz spaces

In this section we present an explicit class of Orlicz spaces with the pro-
perty of being minimal. The motivation for this class is to be found in the
functions defined by W. Johnson, B. Maurey, G. Schechtman and L. Tzafriri in
([4], p. 235), F(t) = t” exp{ f(log t)}, where f means the function

)= 3 (1 - cos (x/2%))
k=1

and p > 1. They proved, answering a problem of Mityagin, that the Orlicz
function spaces LF(0, 1) and LF(0, o) are isomorphic.

LeMMA 1.1. Given scalars p > 1 and q arbitrary, the function F, , defined
by F, (0)=0and

F, (t) = tPe?8D, 1 >0,

is equivalent to a convex function and its associated indices are equal to p.
Furthermore if |q| <(p — 1)/3n then F, , is itself convex.
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Proor. Consider F, ,=F for g # 0 (otherwise the result is obvious). We
know ([4], p. 237) that for every ¢ > 0 there is a constant K, such that

(+) |fis +1)— fis)| =elt]| +K,
for all 5, t €R. Since

F(s

—F% — 7 exp(ql fllog s +log 1) — fllog 5)1},
we deduce that for every ¢ > 0 there exists a constant C, > 0 such that for
every s >0,

Clpp-lale < 1;—((“-)) < Cprtlale ifr>1,
S
andif0<t <1,
Ce—ltpﬂlql é&s‘t_) =< Cat”_"””.
F(s)

This implies that F is equivalent to a convex function and with associated
indices
ap=apf =Br=p¢ = p.

Now, if |g| <(p — 1)/3# we have that

L 4 nx
/x < - s
|f(x)] = kElzk sin | =7
and
0 2 nz
f7(x)] = Z 2— cos >3 =—=2m.

Thus we get, with H(¢) denoting the function ¢ f(log ¢), that
Fr()?~Pe~" = p(p — 1)+ (2p — 1)qf(log 1) + ¢*(f'(log 1))* + ¢ /"(log 1)
zp(p—1D—-@Cp+Dhlglnz0.
Therefore F is a convex function q.e.d.

The following result shows that all functions F, , are minimal. In particular
we get that the Johnson et al. function is minimal.
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THEOREM 1.2. Given p > 1 and q arbitrary, the Orlicz spaces L¥++(u) and
1554 are minimal.

ProoF. Let us show that F, ;= F for g # 0 is minimal at co. (For ¢ = 0 the
result is obvious.) If GEEF, and G is not equivalent to F, there exists a
sequence (s,) 7/ o, such that

F(e*
G(t)=lim Fler) tPptelios?)
n—+w er&)

uniformly on the compact subsets of [0, «v) and where g is the function defined
by
g(x) = lim (fis, +x) = fis.))

.2 ns, n(x + s,,))
= lim c0s — — cos ———— ],
n—wo kgl ( 2k 2k

For each m €N we can take a scalar 0 <s™ <2™*! such that s\ =s,
(mod 2™*1"). So, there exists a subsequence of (s{™)>., converging to a
0., €[0, 2™ +1]. Using the Cantor Diagonal method, we obtain a subsequence,
denoted also by (s,), such that s —g,, and 0 < g,, <2™*! for each m EN.

Now, by using the Weierstrass criterion on uniform convergence, and an
iterated limit argument (see e.g. [13] p. 198), it results that

.02 nst) n(x + s%)
g(x)=31‘{r°lo El (cos 50 —co ————zk——>
® o, n(x +oy)

R e |

If we consider the sequence (r,) = (2**! — g,) we get that

lim (g(r, + x) — g(r,)) = lim 3 (cos(r"-;—ka")n ~ cos W_’zjﬂ>

n—w N=0 fm=]

] COS X
E. ( 2k ) )
by using again the Weierstrass criterion and that g, =g, (mod 2**') for any
nzk.
Thus
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lim Gle) =t? < lim eq[8(7"+10¢1)—-g(r")])
s G(™)

n—w
= tPpaflogt) — F(t)

uniformly on compact subsets of [0, o). So FEEg,, which implies that

E¥, CEZ, CEp,. Hence Ep, = EZ, and F is a minimal function at c.
Finally, the minimality of the function F, ; at 0 follows from Proposition 1

in [1]. g.e.d.

ReMARk 1. From the above proof it follows that a function G € EF, if and
only if G(t) = ¢? exp{qgg,(log ¢)}, where g, is the function

® o, alx + ak)>
(X)) = COSs — — CO§ —————
8:(x) k§l ( 2k 2k

and o =(0,), is a scalar sequence satisfying 0 < g, <2**! and g,=g,
(mod 2%+ for n = k.

In particular, these functions G are also examples of explicitly defined
minimal functions,

REMARK 2. Fix p>1; the Orlicz spaces L%+(x) and L% (x) are not
isomorphic for any parameters g # r. Indeed, let us suppose that both spaces
are isomorphic. Then, from Theorem 7.1 in ([4]) we deduce that the functions
F, ,and F, , are equivalent. But this is not possible since the function f{x) is not
bounded at + oo.

Also it can be shown, by reasoning as in ([4] p. 236), that the Orlicz spaces
L*:4(0, 1) and L%4(0, o) are Riesz-isomorphic for anyp > 1 and q arbitrary.

We study now the embedding of /? into the spaces L.« as complemented
subspaces. We shall show that inside this class of spaces L%« there are spaces
without complemented copies of /?-spaces. In order to show it, we need to
introduce a slight variant of the notion of strong non-equivalence given by
Lindenstrauss and Tzafriri ([9], [10] p. 150).

DEfFINITION. Let F be an Orlicz function and a scalar ¢ > 0. An Orlicz
function is called o-strongly non-equivalent to Eg, (resp. EF,) if there exist two
sequences of numbers (K,) and integers (m,), with lim K, = o0, m, = 0o(K?),
and m,-points ¢; €(0, 1) such that for every 4 €(0, 1) (resp. A E[max; ¢!, ©0))
there is at least one index i, 1 =i < m, for which
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0 L ]
FQ)G(#) LK,

Given an Orlicz sequence space /f and 0 < g < 1/8¢, we can assume w.l.o.g.
that
FO _1
Fit) "o

for every t>0. Hence F(st) <s"°F(t) for every t>0 and s = 1. Now,
reasoning as in the proof of Theorem 4.b.5. in ([10]) we obtain the following

ProrosITION 1.3. Let IF be a separable Orlicz sequence space. If G is an
Orlicz function a-strongly non-equivalent to Eg, for some 6 <1/, then 1° is
not isomorphic to any complemented subspace of 1.

For Orlicz function spaces we can use a similar trick to obtain an extension
of Theorem 4 in ([3]). In particular we have

ProPOSITION 1.4. Let L(0, 1) be a reflexive Orlicz function space. If t°,
for p # 2, is a-strongly non-equivalent to Eg, for some g < 1/8®, then L*(0, 1)
does not contain any complemented copy of 1*.

To apply these results to the class of minimal spaces L« we need to con-
sider an average oscillation constant y, associated with the function f{x) =
Z2, (1 = cos(mx/25)).

Fix s > 0; let us consider

M,(s)= max [flx+5)— f(s), m,(s)= min [f(x +s)— f(5)]

0=<x=2" 0sxs2"
and the oscillation

wf(s)=M,(s) —m,(s)= max [flx+s)—fly+9)],

0sx,y=2"

If y/ =inf,. o w{(s), the average oscillation constant is defined by
f
. 7n
= lim —.
Yr i

n—aw

LeEMMA 1.5. For each n €N it holds that

-2
(1+2sen—§)(n4 )—2n§y5§2n + 4n.
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Therefore the average oscillation constant y; satisfies
. . T
0<il1 +2sm§ =y =2

PrROOF. As the function f'satisfies ([4] p. 237)
Ifis+t)—fs)| =2log |t]+4n fort=0, sER,

we get that w/(s) <2n + 4n. Thus y, < 2.
Now fix n €N and s > 0; let us suppose that 7 -{ cos(ns/2*) < 0. Taking
x €[0, 2"] such that x + s=0 (mod 2") we have

n=1 n(x+s)+ Z( s——c n(x+s))

fx+s)—fis)=— Y ¢ Jr oS

k=1 2 k=n
"3t X+

=- 3 cos ult s)+2 =—n+1+2n.
k=1

If we assume that ==} cos(ns/2%) > 0, we get

foxts)-fls)z - ilc E(XZLS)‘FE <Cosz_i_ Osn(xsz))
(%) L
_ (x+s)
= kgl cos— 2.

With an x €[0, 2"] such that x + s=(1+4+ - - - + 4") (mod 2") we obtain
that
n(x +5)
22k

i 1 1
cos = CO! sn<1+ +---+—>§cosn(l+—)=—
4 4k 3

1
2
for 1 =2k <n,and

n(x +s) i1

1 1 1 (4
=cos—(l+-+---+—)=cos-(1+ —sin—
e 2( 4 4k> Osz< 4) Mg

Ccos

for 1 =2k + 1 <n. Thus, from (*) we deduce

fix +5)— flx)= (1 +2sin 8)(——;—3> 2.

Finally, in both cases
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W45) = M,05) = my(5) 2 (1 + 25in 5 5 2) - 2.

which implies the result. g.e.d.

THEOREM 1.6. Ifp > 1 and q # 0 satisfy

P<7f

(+) 1q] 2log2’

then the Orlicz sequence space [%:« does not contain any complemented copy
of I*.

PrROOF. Let us prove that the function ¢” is g-strongly non-equivalent to
Ey, for some ¢ >0 and F=F,,. For each n EN put m(n) = 2" and assume
the existence of an integer k verifying

fort=e',i=1,2,...,2"%and J > 0. This implies that
(* —on = q(flk + i) — flk)) < on.

Now, remembering that the function f satisfies | f(x + &) — f(x)| = n for
x=0and 0=h =1, we easily get the existence of integers i,j with 1 =i,
Jj = 2" such that

fik +i)— flky=zM,(k)—n
and
fik + ) — fik) = m,(k) + =.
Hence
Sk + i) = flk + j) 2 M, (k) — m,(k) — 2n Z ¥} — 2m.

This implies that flk+i)— flk)= (4 —2n) or flk+j)— flk)=
— (y{ — 2n), and from (*) we obtain that

(yh — 2m)
gl —————

for each nEN,
2n

6z |

and

¥
o= =,
Iql2



Vol. 68, 1989 1,-COMPLEMENTED COPIES 37

Thus, it results that for 0 < < |q]y,/2 and a big enough natural number n,
for any k €N there exists an integer i with 1 < < 2" = m(n), such that

F(t*t)

F(t*)t#

&{e—én’ ean]'

Furthermore, by ( + ) we can take J satisfying
2log2 < log2 1

(q 1y, o p

and

log 2 1
a=<£—§—+s)<— for some ¢ > 0.
)/

Therefore
m, = m(n) = o(e*").

This means that ¢? is ¢-strongly non-equivalent to E, ;, and with an appeal to
Proposition 1.3, we conclude the proof. g.ce.d.

As an easy consequence we obtain a result of Lindenstrauss and Tzafriri
([9], [10] p. 163) proved by using the method of constructing Orlicz functions
associated with 0-1 valued sequences:

CoROLLARY 1.7. For any p>1 there exists a minimal reflexive Orlicz
sequence space IF with indices ar = Br = p which does not have any com-
plemented copy of 1*.

PROOF. Just take ¢ = (4plog 2)/y,and apply Theorem 1.6.

CoROLLARY 1.8. If1<p #2andq #0 satisfy

b
lg] 2log2

then the Orlicz function space L« does not contain any complemented copy
of I°.

Proor. If follows from Proposition 8 in ([3]) and Theorem 1.6.

REMARK. An open question is to determine values p # 2 and ¢ such that
the Orlicz space L contains a complemented copy of /. Any positive result
in this direction would automatically imply that Problem 4.b.8 in ([10]) has a
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negative solution, i.e. the existence of minimal Orlicz sequence spaces which
are not prime.

II. Sequence spaces containing singular /’-complemented copies

In ([6] p. 276) N. Kalton proved the existence of Orlicz sequence spaces /7,
with different indices af # BF, containing /’-complemented copies (p > %)
such that the function #? is not equivalent to any function in the set Ey ;. This
means, in other words, that the complemented subspaces isomorphic to /7 in /©
can never be the span of any block basis with constant coefficients of the unit
vector basis of /¥. (We shall often say, in short, that the space /£ has a singular
{?-complemented copy.)

The first result in this section extends Kalton’s example to the case of Orlicz
sequence spaces with the same indices:

THEOREM 2.1. Let p > 1. There exists an Orlicz sequence space 1¥, with
indices ar = By = p, containing a complemented subspace isomorphic to [? but
t? is not equivalent at 0 to any function in Eg,.

PrOOF. Let us define a sequence of positive functions (f,)° on [0, o)
in the following way: For each n EN, f, is the function of period P, = 2%"
such that

0, if0=t=P,—4.27

1) = n
A0 Y (1 ~cos(nt/2¥)), ifP,—4-2"=<t=P,.

k=1

We consider also the sequence of periodic functions (g,) defined in
({6], p- 275) by

0, if0=r=P,—4.2",
&= {i¢—-pPHy+2-2", ifP,—4.2"<t=<P,—2-27,
WP, —1), ifP,—2.2"=t=P,
and the functions

flty=sup f,(t) and g(t)=sup g,(?).

nEN n€eN

If g(z) # 0 let n(¢) be the biggest integer n for which g,(¢) = g(¢). Noticing
that f,(¢) < f(¢) implies g,(¢) = g.(?), it is easy to check that f{(z) = f,(¢).
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We define now the function
F(t) =t” exp{qf( — log 1)} for0<t<l1

with 0<g <(p — 1)/3n. It is straightforward to show that F is a convex

function.
Let us prove that ¢” is not equivalent to any function in E,. Suppose that
this is not the case, i.e. there exists F € Ex, with F ~ ¢? at 0. Thus for some

sequence (s;) / o0,

F(t) = lim 20

o e )—t"exp qu<,}gg (f(sk—logt)—f(sk))}

= tPpafi-logt)

for t €[0, 1], and where f means the function

fix)= lim (f(x +50) = fisi).

Let g(x +5,) # 0 and n(x + 5;) = m(x)=n, > 1; there are two points ¢}
and ¢t/ with ¢, =< x = t% satisfying t% — t; = 4-2"%and n(t + s,) = n, for every
t; <t <t’%. Let us denote by (¢}, t,)ERXR (R=R U { £ «}) an accumu-
lation point of the sequence {(f;,¢%)} CR%. Thus —0 =, =x =214 = ©
and 1, — t, = 4-2™% for some integer m(x)EN U {0 }. We still denote by
(¢4, t%) the subsequence converging to (t,, t7,) in R X R. Furthermore we can
assume that ¢/ is finite or ¢, = + oo. Indeed, if ¢, = — o0 and ¢ < oo we could
take x’ > t” getting that t.. = t”. , hence ¢/, would be finite.

Let us now distinguish the cases m(x)=m finite or infinite. If m = + oo,
then m(t) = oo for t, =t < . Arguing as in the proof of Theorem 1.2 we
obtain a scalar sequence (o;) such that 0 =g, =2'*! and lim,__ s =g;
(mod 2:*"). Thus, by Weierstrass criterion, for ¢ = ¢/

(X0 nl0) t
’Eim [f(t +5)— X (1 — COos %‘)] =lim Y (cos% - COS m)

i=1 k~ow =1 2!

5 (e e )

2i

Hence, there exists
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,{gx; [f(sk)— 2 <1 — cos %)]

i=1

n(t)
= lim (f(sk) ft+s)+ ft+s)- X ( -COS%)]

i=1
g (cos > ! — cos ﬂg—;%"’)—f(t)= C

where C is a constant (not depending on ¢). Therefore, the expression

A= 3 (cos ™% M)_
f() El(cos 5 cos 5 C

=
results for ¢ = ¢, so the function fis not bounded.
Let us see now that also in the case of m(x)=m finite, the function fis
unbounded. From the uniform convergence on compact subsets and from the
existence of lim,._., f(s,) = C’, we obtain

I +o;
08 n—(—;f—)) -

7t = tim (e +30 = fson = § (1-
—~o i=1
for every t, <t < t”,. Then, asin Lemma 1.5, the oscillation of f in the interval
(¢, t%] of large 4 - 2™®) is bigger than or equal to Com(x) for a constant C; > 0.
Hence, f bounded implies m(x) is bounded. If

git)= 21_210 [g(t +s0) — gl

since
0= (1 +50) = Bagrft +5) S 27920

for k — o0, we have that (g(s,)) is a bounded sequence, and so the function g
is bounded. This is a contradiction, because if G(¢) = *> exp[g( — log ?)], by
Kalton ([6] p. 277), there is no function

G(t) = fle8(~log!)

in Eg, equivalent to t* at 0.

In both cases we conclude that fis unbounded, so the function ¢? is not
equivalent to any function F(¢) = ¢ exp{q f(—logt)} in Eg,.

To prove that /F contains a complemented copy of /” we show that the
inclusion map from /¥ into /? is not a strictly singular operator and we apply
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Theorem 5.4 of [6]. It is clear that the inclusion map J: /F —/? is bounded.
To show that J is not strictly singular, we use the analytic criterion given in
([6] Thm. 5.3). Put &, = e~ %, nEN. Then

F(f) . 1 [restmo [ o,
1 f ()dz=—f ¢ dz=—f ey
log(1/g,) Je t?*! P J. P,Jo

Notice that, for t €[0, P,], f(t) = max{f(¢): 1 =i = n}. Hence, by using the
definition of f;

I rh 1 &
— f eMWdy=1+— f (€™ — 1)du
P,Jo P,Jo
1 o (&
§1+—):f (%) — 1)du
P,i-1Jo

[ | P,
=1+ Y —f (e — 1)du
i-lP,‘ 0

no ] P,
e
i=1 Pi\J P-4

<1+ % L.

i=1 1

144 Y 27PN

i=1

for every integer n, and this proves that J is not strictly singular.
Finally, it remains to show that o = 8 = p. Since

Fay _ IR log )~ - log )}
F{A)?
we need to prove that for every ¢ > 0 there is a constant K, > 0 such that
|fix+t)—fix)|<et+K, fort=0.
For this let us show the inequality
|fix+1t)— flx)| =2log,t+B fort=1

withB=n + 2.
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Firstly suppose that in (x, x + ¢) there is no zero of f. Then for a natural
number m there holds

m t m
fx+)=Y (1 —cosn()‘ﬂ~ )> and flx)= Y (1 —cosE>.
k=1 2k k=1 2k
Hence,
fx+D)—-fx)=3 cosg—cosn(x+t)
k=1 2k 2k
and for 2" ! <t < 2" we get that
® t ® t
[flx+)—fx) =2n+ Y cosE—cosm’ <2n+ Y d
k=n+1 2k 2k k=n+12k

=2log,t+ 1)+ =2log, t +B.

Suppose now that the interval (x, x + ¢) contains zeros of the function f, and
let x, and x,; be the first and the last zeros, respectively. Then, by above
inequality we have

fx+D)=1fx+1)— fix) <2log,t + B
and
Sx) = 1f(xo) — fix)| =2log, t + B.

Hence, as f = 0, we conclude that
| flx +1t)— fix)]| <2log, t + B. g.e.d.

REMARK 1. The complementary function F of the above function F
verifies also that the Orlicz sequence space [ contains a singular I’-com-
plemented copy (1/r + 1/p = 1). This follows from ([10] Thm. 4.b.3).

REMARK 2. In the case of p = 1 the above theorem does not hold: Every
Orlicz sequence space [ with oy =1 contains a complemented subspace
isomorphic to /' generated by a block basis with constant coefficients of the
unit vector basis of /7 (cf. [7] Thm. 4.2 or [2] Prop. 10).

We use Theorem 2.1 to study the “inverse problem” for singular [?-
complemented copies: given an arbitrary set H of real numbers p > 1, find an
Orlicz sequence space /£ containing only singular /-complemented copies and
such that the set of values p for which /7 is isomorphic to a complemented
subspace of /7 is exactly the set H.
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THEOREM 2.2. Let H be a closed set of positive numbers with 1 <a =
inf H =sup H =B < oo. Then there exists an Orlicz sequence space 1* with
indices ar = a and By = f which contains complemented subspaces isomorphic
to I? if and only if p EH. Furthermore, for each p EH, t? is not equivalent to
any function in Eg ;.

Proor. First, we pick up a dense sequence ( p,){° in the set H, so that every
element of the range of ( p,) appears infinitely many times in the sequence.
Fix 0<g <(a— 1)/3n; we consider the function defined in the above
theorem,
F,(t)=tret-180 for0<t <1,

which satisfies ar, = B¢, = p, {% contains a /?-complemented copy, and ¢7 is
not equivalent to any function in Ep ;.
Define a continuous function Fon [0, 1] by F(0) =0, F(1)=1 and

F(x)=Fp..<;x'>F(rn) forr, ., =x=r,

n

where 7, = ¢ ~". This function F is not necessarily convex, but as F(x)/x is an
increasing function, we get that F is equivalent to a convex function at 0.
Since

F n n
FX) _p ) for1zxzit
F(r,) I

and r,,/r,—0 if n— o0, we get that F, €EE;, for all nEN, and hence
F,€E;,, for each p EH. Now, by ([10] p. 150), /F has a complemented copy of
[%, so, recalling Theorem 2.1, we deduce that /# has a /?-complemented copy
for each p€EH.

Let us see that ¢? is not equivalent to any function in Er,. Assuming the
opposite there exists a function G € E, which is equivalent to ¢# at 0. Thus for
a sequence (5;) » co we have

G(x)=lim Flex)
k=o F(e™%)

uniformly on [0, 1]. Fix 0 <x < 1; let (n,) be an integer sequence satisfying

r,=e"mZe wze WtV=yp,

Hence
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1
(nf —si)<log— = (m + 1)~ ;.
X

Let (t,,t”)ERXR be an accumulation point of the sequence
{(n} — si, (m + 1)* — 5,)}&- CR?, 50 ¢, — 1, = oc. Moreover we can assume,
w.l.o.g., that ¢/, = oc. Indeed, if ¢, < oc we can take 0 < x’ < x with log(1/x") =
t*, getting 1% = t/. < v, and hence ¢’ = oo.

Taking a sufficiently small scalar #, with log(1/¢,) = ¢,, and by passing to a
subsequence if necessary, we get, for 0 <t <,

rnk Z—- e = rnk+la
SO

-5 »,
e *t) kF(rn )eqﬂ-‘}_"i_bﬂ)
" .

Fe )= (

M
At this stage, we continue in a similar way as in the above theorem. Thus, by
passing to a subsequence if necessary, there exist a p,€ H and a constant K >0
such that

G(t)= Kt exp {q lim [f(se — n} —log t) — f(s, — nz%)]}

for 0 < t < t,. Therefore, the function G is equivalent at 0 to a function of Ej, ,
but this is impossible because G is equivalent to ¢# and from Theorem 2.1 we
know that t*€Ef, | for any p > 1.

Now we show that ¢? is strongly non-equivalent to Ey, for each p&H,
which implies, by ([10] Theorem 4.b.5), that /f does not contain any com-
plemented subspace isomorphic to /?. Fix p&H; let ¢ >0 be such that
(p —3e,p+3e)NH=. For each n €N, put m(n) =n? and assume the
existence of an integer k so that

(*) e =
fori=1,2,...,n*and t=e"". Let 1 =j=n’—n (n>1); by the above
inequality withi =jand i =j +n,

M é ezmz-p"
F(‘Ck + ])

(**) e—ZznTpn <

for 1 =j=(n*—n).
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Depending on the possible values of k, we consider a particular value of j as
follows:

(@ j=(n—-1)2—kwhen k <(n—1)

(b) j =1 when (m — 1)<k <(k +n) <m? for an integer m = n,

(c) j=m*—kwhen (m — )22k <m?=k + n for an integer m = n.

It is easy to check that in every case

F(Tk+j+")

—~ = 7Pnpe(Rotn)-fia))
F(‘tk +J)

for some p, €EH and 0 = ¢ < k + /. By the inequality (»),

F(‘L’k +j +n)
F(r*+yrem

gle™, e”]

for n big enough (n = ny). Indeed, assuming the opposite, if n, denotes an
integer such that
q:-(2log,n + B)<en

for n =z nyand B = n + 2, and making use of the inequality given in Theorem
2.1
|flo +n)— flo)| =2log; n + B

for ¢ = 0, we easily find that | p, — p| < 2¢, which is not possible.
Thus, we have arrived at a contradiction with (*) and so we conclude that for
any integer n = n, there exist m(n) = n? points in (0, 1) such that for any

integer k there exists at least one index i = 1, 2,. .., n? for which
F(t*t!
(r) Efe ", e*].
F(t*)»

As m(n + 1) = o(e”®") for any o > 0, and by the A,-condition, ¢” is strongly
non-equivalent to Er ;.

Finally, it remains to show that ay = aand S = 8. Let p = a — g with¢ > 0;
forr,ZA>At=r,,, we have

F(it)
FA)?

= th~? exp{q[ f{ — log(At) + n?) — f{—log A + n?)]}

= t*exp{q([2 log,( — log t) + B]}
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for p, € H. Then there exists a constant K > 0 and a sufficiently small scalar
fy < 1 such that

) <1 ifo<t <y,
F(A)?
and
-Im =K ifp=t=1.
F@)er
In the general case, as
Fit)  F&n) F(r,) F(r,_;)
F(A)? Af\P r, \? AV
D re (Y raoa () (™)
n n-—1

forr,,  SAM=<r,<.--=r,_« ZA=r,__, we obtain that

FGD) _ nsa
F(A)?

for every 0=<t¢, A =1, where m, is the number of integers m satisfying
(rw/rm-1) = t,. Hence p <ayp for any p <a, s0 a=<arand, as [FJ1% we
conclude that o = a.

The proof of the remaining equality f- = f§ is similar. g.e.d.

In the general case of arbitrary closed sets H the “inverse problem” for
singular [*-complemented copies has also a positive solution:

THEOREM 2.3. Let | <a =p <o and H be an arbitrary closed subset of
the interval [a, B). Then there exists an Orlicz sequence space |F with indices
ar=a and Br= B, which contains a complemented copy of I? if and only if
PEH. Furthermore t” is not equivalent to any function in E¢, for any p = 1.

ProoF. We proceed in a similar way as in the proof of Theorem 2 of ([3]),
which makes use of the method of constructing Orlicz functions F, associated
with sequences of 0’s and 1’s given in ([9], [10] p. 161). Thus we shall only give
a sketch of the proof.

We can assume that # # & and let ( p,,-)?~, be a dense sequence in the set
H, so that every element of the range of the sequence appears infinitely many
times. Fixed 0 < g <(a — 1)/3n, we consider the Orlicz functions

F, (1) =t"exp{qf(—log1)}
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for n odd and where fis the function defined in Theorem 2.1.

Let (m,) be the integer sequence considered in Theorem 2 of ([3]) to
construct the sequence p =(p(n))P® of 0’s and I’s, and let F, denote its
associated Orlicz function with indices a = a and 8 = f;. Define the con-
tinuous function F on [0, 1] as follows: F(0)=0, F(1)=1, and

t
Fp<_> F(r,) ifr,.,<t=r,and neven
r
F(t) =
t
FP»<_>F(rn) ifr,,, =t =r,and nodd
r

n

where r, = e " for nEN.

This function F is equivalent at 0 to a convex function (fi. Fy(x)=
[§(F(t)/t)dt), since F(t)/t is an increasing function.

In the same way as in Theorem 2.2, by considering the sequence
(F(r,x)/ F(r,)) for n odd, we get that the function F, belongs to E for each
pE€H. Thus, using ([10] p. 150) and Theorem 2.1 we deduce that the Orlicz
sequence space /© has a complemented copy of /? for each pEH.

Let us see that ¢7 is not equivalent to any functions in Er;. Suppose the
opposite, so there exists a function G € Ep which is equivalent to t” at 0,and a
scalar sequence (s;)° \ 0 such that

G(t)=lim F—-‘(w
k=o F(s;)

uniformly in [0, 1]. Now, reasoning as in Theorem 2.2, there exist £, > 0 such
that for 0 <t < ¢, we have (passing to a subsequence if necessary)

St St
F, (ri) F(r}) F, (ri) F(r})
G(t)=lim —=—— or G(@)=lim —*—
k= F(s;) k= F(s;)

for a subsequence ( p;) of the sequence ( p,). Thus if p € H is an accumulation
point of the sequence ( p;), we have

t
F, SL,) Fp<ﬂ:)F(r,§)
U 1i Tk
F, S_k) k= F(s)
ri

G(t)=lim
k—~w
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or

) e

. r .
G(t)=lim ¥~ lim k
k= S\ k—w F(s)
F,{—=
Tk

This implies that ¢? is equivalent at 0 to a function of E, ; or Ef, ;, which is a
contradiction.

Finally, following the method developed in ([3] Theorem 2) and the tricks of
Theorem 2.1, it can be shown that for each p & H the function ¢” is strongly
non-equivalent to Er; and that the associated indices satisfy ar =« and
Br = B. Hence IF does not contain any complemented subspace isomorphic to
[?forpgH. g.e.d.

III. Function spaces containing singular /’-complemented copies
We start this section introducing the following

DerFINITION. Given a Banach lattice X and a Banach space Y, an operator
T: X —Y is said to be disjointly singular if there is no disjoint sequence of
non-null vectors (#,) in X such that the restriction of the operator T to the
subspace [u,] spanned by the vectors (u,) is an isomorphism. (“Disjoint
sequence” means that |u,| A |u,, | =0forn #m.)

Recall that an operator T: X — Y is strictly singular if it fails to be an
isomorphism on any infinite-dimensional subspace. Clearly every strictly
singular operator is a disjointly singular operator. However the converse is not
true as the following easy example shows:

Let us consider the canonic inclusion map J: L9(0, 1)~ L?(0, 1) for | =
p <gq. This operator J is not strictly singular, since its restriction to the
subspace [r,], spanned by the Rademacher functions (r,) in L4(0, 1) is an
isomorphism ([r,], = [J(r,)], = [?). However, the operator J is disjointly
singular because for any sequene of non-null functions (f,) in L(0, 1) with
pairwise disjoint support, we have that

Jn
sl

Lzl" and [J(ﬁ,)],z[ S ]z[P

=] TAR

(cf. [5] Lemma 1).
For operators defined on separable Orlicz sequence spaces it is true that to
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be disjointly singular is the same as to be strictly singular. This follows directly
from a basic result on bases (cf. [10], Prop. 1.a.11).

We study now when the inclusion mapJ:L#*(0, 1)— L%(0, 1) between
separable Orlicz function spaces is a disjointly singular operator. (Note that
the inclusion operator J cannot be strictly singular ever.) We wish to find an
analytic criterion for the inclusion map J: L(0, 1)— L?(0, 1) to be disjointly
singular. We will use basically the method used in [6] for the strict singularity
in Orlicz sequence spaces.

Let F and G be Orlicz functions verifying the A,-condition at oo and
LF(0, 1)=LF C LY(0, 1)=L°. Thus, the function

W(t)=§-Q fort =1

F(t)
isbounded on I, = [1, + o0). Let us denote by W (¢) its unique extension to the
Stone-Cech compactification I, of I.. Similarly we shall denote by F,(x) the
extension to B of the functions F, defined by F,(x) = F(tx)/F(z), for €1,

THEOREM 3.1. Suppose L C L¢. Then the inclusion mapJ: L¥ — L is
not a disjointly singular operator if and only if there exists a constant C > 0 and
a probability measure i on BI, such that u(I,)=0 and

[ Faum =¢ [ war.cdu

Jor0=x=1.

PrOOF. Assume that the map J is not disjointly singular. So there exists a
basic sequence of functions (u,) of norm one in Lf with mutually disjoint
supports such that the restriction of J to the subspace [u,] is an isomorphism.
Reasoning as in Proposition 4.3 of ([9]) and passing to a subsequence, if
necessary, we get two functions H, € C# and H,E C® verifying that

[|xu,lrp — Hy(x)| £1/2" and ||xu,|s — Hy(x)| =1/2"

forevery0=x =1and nE€N.

Thus the series = 4,u, converges in Lf if and only if £ H,(|4,|) < oo, and in
LSifand only if £ Hy(]4,]) < . Hence, H, and H, are equivalent functions at
0. So we have H(x) = CH,(x) for 0 <x =1 and a constant C > 0.

Now, as we can assume that the functions (x,) are simple with

inf{|u,(t)|: t Esupp u,} = for n — o,
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there exists a probability measure y, with support in I, such that

|ty | = fﬂ F@du(®)  0<xs1)

and

|ty | = f | W@G0x)du ().

Then, it results that

Hy(x)= fﬂ F0du(®) and Hx) = fﬂ WG ()du(2)

for 1 a probability measure, which is a weak* accumulation point of the
sequence (u,), so u(I,,) = 0. Thus the proof of the necessity implication is
finished.

Let us see the sufficiency implication. We can suppose w.l.0.g. that F(s) =
G(s) for every s > 0, so we assume that there exists a probability measure z on
BI, with u(I,) = 0 verifying that

® [ WOemdm s [ F@dosC [ Wos,wd
for0=x=1.
For each n €N there exists a probability measure u, = =, a, i0;,,0n I,

with ¢, €[n, + o) such that

S

] [ Fwdu - [ o

and

5_
_n

‘ [ w@6.@duto) - f W (1)G,(x)du (1)

for 0 = x = 1. Thus, for 0 <4, < 1, using (*) we obtain

5 F(t|4.1)

,,t=® F,(|A, | )du,(t
3 F) du, (1) El (14, 1)dun(2)

converges if and only if

3 Gl
El ) G(?)

converges.

du ()= 3 f WG (1 4x 1 )dita(t)
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Since supp u, C [n, + o0), we can assume, by passing to a subsequence, if
necessary, that
< % dun(t) _
) -3
n=1i= IF(t,,,) n=1 F(t)
Let (4,,) be a sequence of pairwise disjoint intervals in [0, 1] with length
i(A,,;) = a, /F(t, ;). Then, with the functions u, = =2, 1, 1. , we get
fF(xt) o F(xt,;) -

1
T "()‘,E, F o= & PO )A,) = f Foxuy)dt

and, similarly, for the function G, i.e.

G{xt) !
f WO i) = fo G, )dt.

Thus, the series T 4,u, converges in L if and only if it converges in L¢. Hence,

the restriction of the inclusion map J to the subspace [u,] is an isomorphism,

and so the inclusion map J: L¥ — L9 is not a disjointly singular operator.
q.e.d.

Reasoning in a similar way as in {([6] Theorem 5.2) there resuits:

PROPOSITION 3.2. Suppose LY C L¢. The following conditions are equi-
valent:

(a) The inclusion map J: L* — LS is disjointly singular .

(b For any C=>0, there exist distinct points X, X ...,x, €1, and
Cis - - ., Cp >0 such that

$ Fx)=C ¥ ¢.Gtx) (= 1).
i=1 1

i=

(c) For any C >0 there exists a > 1 and a positive Borel measure u with
support contained in [1, a] such that

fF(tx)du(x);CfG(tx)du(x) (tz1).

ProposiTiON 3.3. Suppose LF CL? (p=1). Then the inclusion map
J: LF — L7 s disjointly singular if and only if

1 a
(+) lim inf —— [“E6% 4, _
a~xszilogaJi sPurt!
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Proor. From ( + )it follows that for any C > 0 there exists a > 1 such that

f F(su) du>Cloga—Cf s=1).
1

Spup+l

So

J‘l F(su)d >C a(su)"du’

up+l 1 up+l

and, by Proposition 3.2(c), we get that J is disjointly singular.

Suppose now that J: L¥ — L? is disjointly singular. Then, by Proposition
3.2, forany C>0 thereexists 1 =x; <---<x,and ¢, ¢,,...,6 >0 such
that

Y ¢Fstx)zC 3 clsx)?  (1=s,1).

i=1 i=1

For a = x2,

N3
f S F(er)d>Cf Ecs”xl’d{
1

i=1

C n
= 5 ( D cis”x,l’> loga

fm=]

and

Ja n i n VG&
f 5 o E6x) 4§ c,.x,pf F(:u)du
1 Xi

i—1 tPH! i=1 urt!

I a F(su)
é(z,l c,-x,")fl o du.

Then, for any C > 0 there exists x, > 1 such that, for any a = x;,

1 a F(su)

logaJi sPu?*!

=2
fors= 1. q.e.d.

COROLLARY 3.4. Suppose LFCL? (p=1) and LF has not a com-
plemented subspace generated by a sequence of non-null functions with pairwise
disjoint support that is isomorphic to I?. Then the condition (+) is satisfied.

PrOOF. If(+)is not satisfied, the inclusion map J: L* — L* is an isomor-
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phism on some infinite-dimensional closed subspace X generated by a norma-
lized sequence of functions (u,) with pairwise disjoint support. Now, by ([5]
Theorem 2), the span of the functions u,/ || u, ||,=/f,, n€EN, in L? is a
complemented subspace isomorphic to /” with projection P:L?—J(X)=
[ /2], defined by

o=, )

where A, =supp f, and (g,) is an orthonormal sequence to (f,) in L*
(1/g + 1/p = 1). Hence, considering the composition operator J~'PJ, we get a
projection of Lf onto X, which gives a contradiction. q.e.d.

We apply now the above result to prove the existence of Orlicz function
spaces LF containing singular [P-complemented copies, i.e. Orlicz function
spaces LF having complemented subspaces isomorphic to /? but the function ¢”
is not equivalent at 0 to any function in Eg, . This is equivalent to saying that
any complemented subspace isomorphic to /? in Lf cannot be the span of any
sequence of pairwise disjoint characteristic functions (y, ) (cf. [2]).

The next theorem gives the extension to function spaces of a result of Kalton
([6] Example 2) and Theorem 2.1 stated in Orlicz sequence spaces:

THEOREM 3.5. Let p > 1. There exists an Orlicz function space L(0, 1),
with indices a® = B¢ = p, containing a complemented copy of ? such that t? is
not equivalent at 0 to any function in Eg, .

PROOF. Let F be the function
F(t) =t exp{q f(log t)} ift>1,

where 0 <q <(p — 1)/3n and f is the function defined in Theorem 2.1.
Let us see that ¢7 is not equivalent to any function in E®, . If FEE®, there
exists a sequence (s,) » oo such that

S,
F(t) = lim M = ¢t? lim eﬂﬂ"k"’loﬂt)—ﬂ’k))
k= F(e%) P

= tpeqﬁlost),
for 0 <t < 1, and where the function fis defined by

flx) = P_{g [fCx + s¢) — fso))
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As it was shown in Theorem 2.1 that f is not a bounded function, we get that
F is not equivalent to ¢? at 0.

We have LF C L? since lim,., (t?/F(t))< oo, and the inclusion map
J: LF — L? is not disjointly singular. Indeed, as

aF(u) aeqﬂlosu) t eaﬂ lost)
[ = [l |
1 Pl Va

we deduce from Theorem 2.1 that

. 1 e F(su)
lim inf —
a~wszllogaJi sturt!

du <

Thus, using Corollary 3.4, we conclude that the space L” contains a com-
plemented copy of /7.
Finally it can be shown as in Theorem 2.1 that o = ¢ = p. g.e.d.

REMARK. In the case p = 1 the above result does not hold: Every Orlicz
function space LF(0, 1) with a® =1 contains a complemented subspace
isomorphic to /! generated by a sequence of pairwise disjoint characteristic
functions (cf. [2] Proposition 10).

Now the “inverse problem” for singular /?-complemented copies in function
spaces LF is solved:

THEOREM 3.6. Let 1 <a =B <co and H be an arbitrary closed subset of
the interval [a, B]. Then there exists an Orlicz function space L*(0, 1) with
indices af = a and B = B, which contains a complemented copy of |? if and
only if pEH U {2}. Furthermore, for each pEH the function t° is not
equivalent to any function in EF,.

The proof is analogous to the one given in Theorem 2.3 for sequence spaces.
We need to consider here the functions F, defined in the above Theorem 3.5,

F,(t)=t?exp{qfllogt)}, ift=z1,
and to use the method of Theorem 7 in 3] (we omit the details).

REMARK. We do not know whether for every Orlicz function space
L*(0, 1) (resp. sequence space /F) the set of values p > 1 for which the space
LF(0, 1) (resp. /) contains a singular [”-complemented copy is always closed.



Vol. 68, 1989 1,-COMPLEMENTED COPIES 55

REFERENCES

1. F. L. Hernandez and V. Peirats, Orlicz function spaces without complemented copies of I,
Isr. J. Math. 56 (1986), 355~360.

2. F. L. Hernandez and V. Peirats, Weighted sequence subspaces of Orlicz function spaces
isomorphic to i?, Arch. Math. 50 (1988), 270-280.

3. F. L. Hernandez and B. Rodriguez-Salinas, On [?-complemented copies in Orlicz spaces,
Isr. J. Math. 62 (1988), 37-55.

4. W. B. Johnson, B. Maurey, G. Schechtmann and L. Tzafriri, Symmetric structures in
Banach spaces, Memoirs Am. Math. Soc. 217 (1979).

5. M. Kadec and A. Pelczynski, Bases, lacunary sequences and complemented subspaces in the
spaces L?, Studia Math. 21 (1962), 161-176.

6. N. 1. Kalton, Orlicz sequence spaces without local convexity, Math. Proc. Cambridge
Philos. Soc. 81 (1977), 253-277.

7. K. Lindberg, On subspaces of Orlicz sequence spaces, Studia Math. 45 (1973), 119-146.

8. J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces 1I, Isr. J. Math. 11 (1972),
355-379.

9. J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces III, Isr. J. Math. 14 (1973),
368-389.

10. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I. Sequence Spaces, Springer-
Verlag, Berlin, 1977.

11. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II. Function Spaces, Springer-
Verlag, Berlin, 1979.

12. W. Luxemburg, Banach function spaces, Thesis, Assen, 1955.

13. L. Schwartz, Analyse: Topologie générale et analyse fonctionnelle, Hermann, Paris, 1970.



